In equilibrium, the osmotic pressure of a dilute suspension, in osmotic contact with a solvent reservoir via a semipermeable membrane, is given by Van't Hoff's law. We extend Van't Hoff's law to a suspension of active Brownian particles and predict the corresponding rise in the meniscus of the suspension to be on the order of micrometers or millimeters for experimentally realized self-propelled colloids. We show that activity increases the osmotic pressure purely by increasing the solvent chemical potential of the suspension with respect to the reservoir. Our Fokker-Planck calculations demonstrate this increase in chemical potential to depend on the colloid-membrane interaction potential. We conclude that the osmotic pressure is a state function of a state that itself is influenced by the colloid-membrane interaction potential.
In 1887, Van't Hoff formulated his famous law stating that the osmotic pressure Π of a dilute suspension of concentration ρ at temperature T equals the pressure ρk B T of a dilute gas of the same concentration and temperature, where k B is the Boltzmann constant [1] . Van't Hoff's law is the ideal-gas version of the much wider notion of "colloids as big atoms", which holds in equilibrium also at higher densities where effective (medium-induced) interactions are important [2] [3] [4] [5] [6] . In Van't Hoff's version, the total pressure of the suspension P tot (ρ, µ s ) = ρk B T + P s (µ s ) decomposes as the sum of the effective colloid-only pressure ρk B T , and a 'background' pressure P s (µ s ) of the solvent at chemical potential µ s . In the typical experimental setup to measure osmotic pressure ( Fig. 1) , the chemical potential µ s is set by a solvent reservoir that connects to the suspension via a membrane permeable to solvent only. The net force per unit area exerted on the membrane defines the osmotic pressure, and results from the difference in suspension pressure P tot (ρ, µ s ) and reservoir pressure P s (µ s ) at either side. As this pressure difference induces a height difference H between the two menisci, the osmotic pressure Π ∼ H can be directly inferred.
Van't Hoff's law does not apply to non-equilibrium suspensions of active particles that constantly convert energy into directed motion, such as swimming bacteria [7, 8] or artificial microswimmers [9] . Not only are these systems promising for applications in e.g. self-assembly [10, 11] and targeted cargo transport [12, 13] , they also display remarkable phase behaviour [14] [15] [16] [17] [18] that calls for an underpinning thermodynamic framework . An essential prerequisite for such a framework is that thermodynamic properties can be expressed as functions of variables that characterize the system state, a seemingly trivial condition that was nonetheless questioned for the osmotic pressure [29] .
In both theoretical and simulation-based investigations of the pressure, the active suspension is FIG. 1. Schematic setup to measure osmotic pressure Π, which is proportional to the height difference H = H0 + ∆H between the two menisci. (a) For a passive system, the solvent chemical potential of the suspension equals the reservoir chemical potential µs, such that Π = ρkBT and H = H0 ∼ ρkBT . (b) For an active system, colloids tend to 'propel into' the membrane (green arrows), thereby exerting the opposite reaction force on the solvent (red arrows). As a result, the solvent pressure and solvent chemical potential of the suspension bulk increase by ∆Ps and ∆µs, respectively, (indicated by the darker blue background), such that Π and H increase by ∆Ps and ∆H ∼ ∆Ps, respectively. typically modelled as an effective one-component system of particles subject to a propulsion force, under the implicit assumption that the underlying solvent state is unaffected. However, as the propulsion force is internal [42] , the solvent pressure is affected, by the opposite reaction force [31] .
In this Letter, we apply this insight to extend Van't Hoff's law to active suspensions. We predict the corresponding rise H in the fluid meniscus to be experimentally measurable. We show that the osmotic pressure increases with activity purely due to a difference in solvent chemical potential that develops between the suspension and the reservoir. Remarkably, we demonstrate this difference to generally depend on the details of the colloid-membrane interactions. We conclude that the osmotic pressure is a state function of a state that itself is affected by the colloid-membrane interaction potential. 
p as a function of the (scaled) z-coordinate across the planar membrane of Fig. 1 , modelled by a soft potential for z < 0 (see text) that separates the reservoir at zres = −4 from the bulk suspension at z b = 3 , as obtained from numerically solving Eq. (1) at activity Pe. Activity causes particles to 'swim into' the membrane, resulting in a polarization and thus propulsion body force f p directed towards the membrane. Passive (b) and active (c) pressure profiles of the colloids P (z), the solvent Ps(z), and the total suspension Ptot(z) = P (z) + Ps(z). For the passive system (Pe = 0), Ps(z) is constant, such that the osmotic pressure Π = Ptot(z b ) − Ptot(zres) equals the bulk colloid pressure P (z b ) = ρkBT . For the active system (Pe = 3), the reaction body force −f p (z) experienced by the solvent increases the bulk solvent pressure Ps(z b ), as well as Ptot(z b ) and Π, by ∆Ps.
We model the effective one-component system of suspended particles as overdamped active Brownian particles (ABPs) [43] . Every particle is characterized by a three-dimensional position r and by an orientationê that represents a polar angle θ and an azimuthal angle. The density ψ(r,ê, t) of the probability to find a particle at position r with orientationê at time t satisfies the Fokker-Planck equation [44]
The translational and rotational fluxes,
are driven by (i) external forces and torques generated by the external potential V (r,ê) acting on every particle, (ii) a constant self-propulsion force corresponding to propulsion speed v 0 acting along every particle's orientationê, and (iii) Brownian forces and torques giving rise to translational and rotational Brownian motion with diffusion coefficients D t and D r , respectively. Furthermore,
In order to focus on the essential physics, we follow Van't Hoff and ignore effective colloid-colloid interactions. For simplicity, we focus on a steady state with an external potential only due to a semipermeable membrane parallel to the xy-plane, i.e. V (r,ê) = V (z, θ), such that ψ(r,ê, t) = ψ(z, θ). The potential V (z, θ) corresponds to the setting of Fig. 1 and is assumed to decay from ∞ in the infinitely large reservoir, located at z < 0 and containing z-coordinate z res , to 0 in a range of zvalues z res z 0. The suspension, located at z > 0, contains z-coordinate z b 0 characterizing its bulk. The zeroth and first moment of the probability density ψ(z, θ) define the density ρ(z) ≡ dêψ(z, θ) and the polarization m(z) ≡ dêψ(z, θ) cos θ of the ABPs. The zeroth moment of the Fokker-Planck equation (1) yields the continuity equation ∂ z J(z) = 0, which implies for a no-flux boundary condition that the particle flux J(z) = 0 for all z. Here the colloid flux J(z) is such that the associated frictional force,
is balanced by the external body force f e (z), the propulsion body force f p (z), and the pressure gradient force −∂ z P (z). The form of the propulsion body force,
is easily understood as the z-component of the sum of propulsion forces (βD t ) −1 v 0ê acting on individual colloids. The local pressure P (z) ≡ ρ(z)k B T is the normal component of the local stress tensor, that represents momentum flux of the active colloids [44] .
We emphasize that the propulsion body force f p (z) is an internal force. By Newton's third law, the force balance of the solvent,
contains the opposite body force −f p (z) as a reaction force. In addition, the solvent is subject to an external body force f e s (z), that we assume to vanish for simplicity (i.e. we assume the solvent does not feel the membrane at all), and to the force associated with the gradient of the solvent pressure P s (z). In equilibrium, where f p (z) = 0, the solvent force balance (5) guarantees equal solvent pressures in the bulk suspension and solvent reservoir, i.e. ∆P s ≡ P s (z b ) − P s (z res ) = 0. In an active system, however, the existence of a nonzero propulsion force f p (z) results in a difference in these solvent pressures, derived in the SM [44] to be
The first term on the right-hand side of Eq. (6) corresponds to what is known as the swim pressure [19, 20, 32] , which we thus identify as a difference in solvent pressures. The second term on the right-hand side term of Eq. (6), present for particles experiencing a torque −∂ θ V (z, θ), is of special interest because it generally depends on the potential V (z, θ). This issue will be discussed later. The force balance of the total suspension,
simply follows as the sum of the colloid force balance (3) and the solvent force balance (5), where the pressure of the total suspension P tot (z) = P (z) + P s (z) [45] . From this total force balance (7), the osmotic pressure
, defined as the magnitude of the force per unit area exerted on the membrane, is given by P tot (z b ) − P s (z res ). As the total bulk pressure decomposes into colloid and solvent contributions as P tot (z b ) = ρk B T + P s (z b ), the osmotic pressure reads
In equilibrium, Eq. 1/2 the microscopic lengthscale. Fig. 2(a) shows the profile of the propulsion body force f p (z). Whereas f p (z) = 0 for a passive system, an active system displays a nonzero polarization m(z), and thus by Eq. (4) a propulsion body force f p (z), in the vicinity of the membrane directed towards the membrane. This well-known effect [46] [47] [48] [49] [50] [51] is in this case caused by colloids persistently propelling 'into' the repulsive membrane. Fig. 2(b) shows the pressure profiles of the colloids P (z), the solvent P s (z), and the total suspension P tot (z) for a passive system (Pe = 0). Here the reaction body force −f p (z) = 0 for all Howse et al. [55] Palacci et al. [56] Volpe et al. [57] Moerman et al. [52] Wilson et al. [54] Mussler et al. [58] Drescher et al. [59] FIG. 3. Predicted rise H = H0 + ∆H in setting of Fig. 1 for spheres of radius R with propulsion speed v0 at packing fraction 0.01 in water. Whereas the passive rise H0 ∼ R −3 , the activity-induced increase ∆H ∼ R. Symbols denote (v0,R) combinations of experimentally realized self-propelled colloids [52] [53] [54] [55] [56] [57] and motile bacteria [58, 59] .
z, and hence the solvent pressure P s (z) is constant. It is only due to the bulk colloid pressure P (z b ) = ρk B T that the total bulk pressure P tot (z b ) is higher than the total reservoir pressure P tot (z res ). The osmotic pressure Π = P tot (z b ) − P tot (z res ) is therefore equal to ρk B T . The same profiles for an active system (Pe = 3), displayed in Fig. 2(c) , show that the solvent bulk pressure P s (z b ) exceeds the solvent reservoir pressure P s (z res ) by an amount ∆P s . This is caused by the reaction body force −f p (z), that pushes solvent towards the bulk, as pictured in Fig. 1(b) . As a result, both the total bulk pressure P tot (z b ) and the osmotic pressure Π exceed their passive values by an amount ∆P s .
Our expression for the osmotic pressure allows the prediction of the menisci's height difference H = Π/(ρ m s g) in the experiment sketched in Fig. 1 . The mass density ρ m s of the dilute suspension (colloid packing fraction: 0.01) we approximate by the mass density 1 kg/L of water, and g is Earth's gravitational acceleration. The predicted height differences H are shown in Fig. 3 for spherical particles of radius R that satisfy the Einstein relations for diffusion at room temperature. Whereas the passive osmotic pressure ρk B T induces values H 0 too small to measure, activity induces an increase ∆H ∼ ∆P s that brings H up to the regime of micrometers [53, [58] [59] [60] or even millimiters [52] for the larger values of propulsion speed v 0 and particle size R of experimentally realized microswimmers.
The increase in solvent pressure ∆P s is accompanied by an increase in solvent chemical potential ∆µ s . Even though the solvent molecules are strictly speaking out of equilibrium as a result of the reaction forces exerted by the self-propelling colloids, this effect is very small, for the thermal velocity (2k B T /m s ) 1/2 ∼ 500 m/s of a water molecule of mass m s is much larger than the propulsion speed v 0 ∼ 0.1 − 1000 µm/s. Therefore, a meaningful intrinsic solvent chemical potential µ in terms of the equilibrium (Gibbs-Duhem like) relation [61, 62] 
Hence, the difference in solvent pressure ∆P s between the bulk and the reservoir is accompanied by a difference in the intrinsic solvent chemical potential
We can thus rephrase our findings as follows. Activity increases the solvent chemical potential of the bulk suspension from the reservoir value µ s to µ s +∆µ s . The total bulk pressure P tot (ρ, µ s + ∆µ s ) = ρk B T + P s (µ s + ∆µ s ) increases accordingly, such that the osmotic pressure Π = P tot (ρ, µ s + ∆µ s ) − P s (µ s ), which is the difference between the total bulk pressure and the reservoir pressure, now equals Π = ρk B T + ∆P s , where ∆P s = P s (µ s + ∆µ s ) − P s (µ s ) is the difference in solvent pressures accompanying the difference in solvent chemical potentials.
We now turn to the second term of Eq. (6) for colloids experiencing a torque −∂ θ V (z, θ). To investigate its implications, we have solved the Fokker-Planck equation (1) for active dumbells, consisting of two point particles with separation . Both point particles are subject to the same potential V (z) as before (but for several strength parameters λ), such that a nonzero torque −∂ θ V (z, θ) is exerted on the dumbell. More details can be found in the SM [44] . Fig. 4 shows the resulting increase in solvent pressure ∆P s as a function of the potential strength λ for different activities Pe. For Pe > 0, the increase ∆P s depends on λ. The reason is that the torque, which is proportional to λ, acts on the particles that propel 'into' the membrane. Thereby, the torque influences the shape of the polarization profile m(z), and thus the reaction body force −f p (z) that pushes solvent towards the suspension. Consequently, the increase in solvent pressure ∆P s is influenced by the torque, and thus by the potential strength λ. The same potential dependence was found in Ref. [29] for ellipsoidal particles under the assumptions that the distribution ψ(z, θ) attains its bulk value already at z = 0, and that the effect of ellipses that feel the potential only partially is negligible. We thus confirm the conclusion of Ref. [29] that the second term of Eq. (6) depends on the precise form of the colloid-membrane interaction potential V (z, θ), by a numerical solution ψ(z, θ) that does not require any further assumptions.
Whereas in Ref. [29] this finding was reason to question whether the osmotic pressure is a state function, we emphasize it is the bulk state of the suspension itself that depends on the colloid-membrane potential. To appreciate its consequences, we note that in equilibrium the ensemble of reservoir and suspension is specified by the state variables (µ s , ρ, T ), since the solvent chemical potential of the reservoir µ s sets the same chemical potential in the suspension [63] . The fact that for an active system the solvent pressure difference ∆P s -and thereby also the chemical potential difference ∆µ s -generally depends on the colloid-membrane interaction potential, implies that a complete specification of the ensemble requires an additional state variable, e.g. the bulk solvent chemical potential µ b s ≡ µ s + ∆µ s . In fact, this whole framework can be extended to include effective colloid-colloid interactions (not shown here), in which case the activity, in e.g. the form of v 0 , is furthermore required as a state variable. A complete set of (intensive) state variables therefore reads (µ s , µ b s , ρ, T, v 0 ). All the mentioned pressures, including the osmotic pressure, are state functions of these variables.
Crucial in our approach is that activity enters the colloid force balance (3) as the body force f p (z), conform Ref. [31] , whereas the local pressure P (z) = ρ(z)k B T is of the same form as in equilibrium. This contrasts the approach of some authors who account for activity by modifying the local pressure [30, 34, 39, 41] . Our approach follows Speck and Jack [37] , who showed the bulk colloid pressure ρk B T to represent momentum flux of colloids (in the non-interacting case) and thereby the normal component of the bulk stress tensor [62] . We show in the SM that P (z) = ρ(z)k B T represents momentum flux outside the bulk as well [44] .
Our results hold for a steady state in a planar geometry, with boundary conditions dictating both the particle flux J(z) and the solvent flow to vanish for all z. For a suspension confined on one side by a semipermeable membrane in e.g. a pipe with open boundaries, we expect an associated fluid flow that is being pumped by the colloidal activity at the membrane.
Our work highlights active matter in a solvent as a special class of out-of-equilibrium systems particularly amenable to a thermodynamic description. In contrast to non-equilibrium systems that are driven externally, the driving agent -the solvent -is part of the system itself. The consequence, that overall momentum is conserved, makes a thermodynamic framework based on conserved quantities more likely. This is exemplified by our result that the osmotic pressure is a state function, in sharp contrast to the mechanical pressure exerted on a wall by active matter on a substrate [29] . Applying a similar reasoning to the energy suggests, as a direction for future research, to take the fuel explicitly into account.
In conclusion, we generalize Van't Hoff's law and predict the osmotic pressure of an active suspension, along with an experimentally measurable rise of its meniscus. We show activity to increase the osmotic pressure of the suspension by increasing its intrinsic solvent chemical potential with respect to the reservoir. This increase, and thereby the bulk solvent state itself, generally depends on the colloid-membrane interaction potential.
